The efficiency of light-matter interaction inside a nonlinear waveguide is determined by the local intensity of light, which varies with the lateral dimensions of the waveguide. In this paper, we develop a semianalytical method for optimization of the nonlinear performance of silica nanowires doped with highly nonlinear silicon nanocrystals (SiNCs). Our method reduces the problem of intensity maximization inside the nanowire to the solution of two coupled transcendental equations, one of which is the dispersion relation for the guided optical mode and the other is the necessary condition for the effective mode area (EMA) to attain its global minimum. By applying the developed method to the nanowires with different densities of SiNCs, we demonstrate that one may achieve a sufficiently strong confinement of the optical mode inside them, without resorting to the use of high-index semiconductor or metallic claddings. Specifically, we show that the effective area of the lowest-order TE mode may be reduced below 0.2 m 2 at 750-nm wavelength, provided that SiNCs occupy more than half of the nanowire's volume. We also present empirical formulas for the optimal nanowire radius, effective mode index, and minimum EMA, based on the numerical results obtained with our method. These formulas are useful for the rapid design optimization of cylindrical nanowires in all-optical photonics nanocircuitry.
Introduction
The strong and ultrafast Kerr effect, high optical gain, and unique electronic properties possessed by low-dimensional silicon suggest that it may play a key role in the emerging field of silicon nanophotonics [1] - [4] . Of particular interest from the practical viewpoint are silicon nanocrystals (SiNCs) self-organized inside fused silica ðSiO 2 ÞVa material that is often referred to as SiNCs/SiO 2 composite. This composite is fully compatible with the modern complementary metal-oxidesemiconductor (CMOS) technology and has been recently employed to realize all-optical modulation and switching at bit rates beyond 100 Gb/s [2] . Its major disadvantage compared to crystalline silicon is in the lower refractive index, which makes it impossible to realize optical confinement similar to that available with silicon-on-insulator waveguides [5] , [6] . In order to tightly confine light inside the SiNCs/SiO 2 composite and enable efficient nonlinear interaction at moderate optical powers, one may embed the composite into an auxiliary waveguide made of silicon or plate it with a sufficiently thick layer of metal. Although in this way one may significantly improve the nonlinear performance of SiNCs, both methods have obvious drawbacks. Employment of nonlinear waveguides enables a high extent of mode confinement only at the expense of reduced propagation length of surface plasmon polaritons [7] , whereas silicon cladding have to be quite thick and may offset the miniaturization advantages offered by increased field confinement [8] .
Another strategy to enhance local field intensity effecting SiNCs is to optimize a cross section of SiNCs/SiO 2 -based waveguide. Since the refractive index of SiNCs/SiO 2 composite grows monotonously with the volume fraction of SiNCs (and so does the mode confinement), the only parameter that needs to be optimized for a cylindrical nanowire is its diameter. It is suitable to define an effective mode area (EMA), which is inversely proportional to the optical intensity inside the waveguide, and minimize its value to ensure the optimal nonlinear performance of the nanowire. In this paper, for the first time to the best of our knowledge, we reduce the problem of EMA minimization to the solution of two coupled transcendental equations for optimal nanowire radius and effective mode index. By numerically solving these equations for different densities of SiNCs, we demonstrate that SiNC-based silica waveguides can operate with EMA sizes in the range of few micrometers. We also come up with useful empirical formulas for the minimum EMA and optimal nanowire parameters.
Theoretical Framework

Guided Modes of Cylindrical Nanowire
Consider an infinitely long cylindrical nanowire made of SiNCs/SiO 2 composite. The time-and space-dependent field component U k ðr ; z; tÞ ¼ fE r ; E ' ; E z ; 0; H ' ; 0g of the axially symmetric, transverse-electric (TE) mode of this nanowire can be represented in the form
where is the propagation constant, ! is the frequency of light, U k ðr ; RÞ is the field component that depends on the distance r from the nanowire's center and the radius R of the nanowire, and k ¼ fr ; '; zg is the axis of cylindrical coordinates. Let the effective permittivity of the SiNCs/SiO 2 composite be " 1 ¼ n 2 1 and the permittivity of the surrounding medium be " 2 ¼ n 2 2 , with n j ðj ¼ 1; 2Þ being the refractive index. By solving Maxwell's equations, it can easily be shown that [9] - [11] 
where B ¼ AJ 0 ð 1 RÞ=K 0 ð 2 RÞ, A is the normalization constant, and J and K are the Bessel function of the first kind and the modified Bessel function of the second kind, respectively. In the following, we neglect all absorption losses and thus assume the parameters 1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
in the above formulas to be real (here, c is a speed of light in a vacuum). Then the z component of the Poynting vector is given by the expression
&
The quantities 1 and 2 are related to the parameters of the nanowire through the dispersion relation following from (1):
Using this relation, one may find the minimum (cutoff) radius for which our waveguide supports the lowest-order, axially symmetric TE mode. This radius is determined by the condition 2 ¼ 0, which gives 2 ¼ " 2 ! 2 =c 2 and requires that J 0 ð 1 RÞ ¼ 0. By denoting 1 % 2:405 the first zero of the function J 0 ðzÞ, we find the cutoff nanowire radius to be
where ¼ 2c=! is the operation wavelength.
Minimization of EMA
In this paper, we define EMA as a quantity that relates the average intensity of light I av inside the waveguide to the total mode power P as I av ¼ P=A eff . This EMA is inversely proportional to the confinement factor [12] and is given by the expression Þ is the Meijer G function [13] . It should be recognized that (3) is different to the common definition of EMA, which is normally introduced during the derivation of the nonlinear Schrö dinger equation [14] - [16] and determines the efficiency of nonlinear interactions within the applicability domain of the corresponding theoretical framework. The use of the new definition, with its clear physical meaning, ensures the generality of our conclusions and is required in order to avoid consideration being given to a wide variety of EMAs corresponding to different types of nonlinearity (see, for example, [17] ).
It is not hard to prove that the function A eff ðRÞ always has a minimum at a certain value of the nanowire's radius. Indeed, if the radius of the nanowire approaches R 0 from above ð 2 ! 0, 1 R ! 1 Þ, then I 1 % A 0 and
where % 0:577 is Euler's constant, so that the EMA diverges like
Physically speaking, this divergency results from the decrease in the mode's confinement, determined by the evanescent decay length 1= 2 [18] . On the other hand, if the nanowire's radius tends to infinity, then 
In this case, the divergency occurs simply due to an infinite increase of the nanowire's cross section area. Clearly, since the function A eff ðRÞ diverges for both R ! R 0 and R ! 1, there must be some optimal value of R for which it achieves its minimum, A eff;m . This value is marked by the symbol R m in Fig. 1 , where we plot the effective mode index n eff ¼ c=! and EMA as functions of nanowire radius for n 1 ¼ 1:7, n 2 ¼ 1, and ¼ 1:55 m. The optimal radius corresponds to the optimal effective mode index, n eff;m . In order to find the minimum of the function A eff ðRÞ, we differentiate (3) with respect to R and apply the identity
which is valid for an arbitrary continuous function F ðr ; RÞ and parameter a independent of R. As a result of this, the equation
The two integrands in this expression can be written as where f ðzÞ ¼ K 0 ðzÞ þ K 2 ðzÞ, and
In evaluating these derivatives, we took into account that 1 and 2 are dependent on R due to the dispersion relation given in (2). After some algebra, the integrals in (6) are found to be
where 
Using these results and noticing that
we may rewrite (6) as follows:
The derivative @=@R entering this equation is readily found from (2) and given by
where ¼ " 1 =" 2 , gðzÞ ¼ J 0 ðzÞ À J 2 ðzÞ
By simultaneously solving (2) and (10) with respect to the unknowns and R, we find the optimal values R m and n eff;m that give the minimum EMA, A eff;m ¼ A eff ðR m ; n eff Þ. Hence, (2)- (5) and (7)- (12) solve the problem of optical intensity maximization in SiNCs/SiO 2 cylindrical nanowires. In the next section, we analyze the derived equations and estimate the optimum EMAs achievable with the practical densities of SiNCs.
Numerical Results and Discussion
Before proceeding to numerical examples, it is worth noting an important feature of (2) and (10) . It can be readily seen that these equations may be treated as equations in the unknown dimensionless parameters R= and n eff . This implies that the optimal effective index n eff;m is independent of and varies only with permittivities of the nanowire and its surrounding. The value n eff;m calculated for a given operating wavelength 1 and corresponding to the optimal radius R 
eff;m . We shall use these features to come up with empirical formulas for the optimal waveguide parameters, at the end of this section.
To illustrate the developed semianalytical method for nonlinear performance optimization, we focus on a SiNCs/SiO 2 nanowire surrounded by air, with n 2 ¼ 1. It is apparent that for any parameters of the nanowire, this situation provides the strongest mode confinement compared to the case of an optically denser environment ðn 2 9 1Þ, owing to the maximal index contrast. The minimum EMA calculated with (2) and (10) is plotted in Fig. 2(a) as a function of the nanowire's refractive index n 1 . From the practical viewpoint, n 1 may be changed by varying the initial excess of silicon in fused silica, before the thermal treatment of the Si/SiO 2 composite [2] , [3] . It is seen that the minimum EMA at the telecommunication wavelength ¼ 1:55 m is about a few m 2 for relatively small refractive indexes ðn 1 ¼ 1:5À1:7Þ, and may be reduced slightly below 1 m 2 in the nanowires with large refractive indexes ðn 1 ¼ 2:2À2:4Þ. As is evidenced by Fig. 2(b) , even in the latter case the diameters of the optimized SiNCs/SiO 2 waveguides are in the micrometer range, which essentially prevents their practical use on the nanoscale.
There are two essentially different ways to reduce the physical size of SiNC-based waveguides to a few hundreds of nanometers and significantly enhance optical intensity inside the active medium. One of them is to employ a material that would enable tight field confinement inside the region filled with SiNCs. This materialVcapping the nanowireVmay be either silicon ðn Si % 3:5Þ or metal [1] , [7] , [8] . The other method is to use shorter operating wavelengths, from the first spectral window (around 800 nm) of optical fibers [19] . Although this region is associated with higher losses than the third window, normally used for long-distance communications, it is still suitable for strongly nonlinear applications (such as Raman amplification or supercontinuum generation) that require propagation over just a few tens of micrometers. As an example, Fig. 2 shows the minimum EMA (13)- (15) . It was assumed that the nanowire is surrounded by air ðn 2 ¼ 1Þ.
and optimal nanowire parameters at 750-nm wavelength, which was used to demonstrate optical gain and electroluminescence in SiNCs [20] , [21] . In accordance with the above observation, the minimum EMA is reduced by a factor of ð1:55=0:75Þ 2 % 4:3 as compared to the case of 1.55-m wavelength, and becomes as low as 0.18 m 2 for n 1 ¼ 2:5 (this corresponds to the volume fraction of SiNCs which is about 50%). Such extent of mode confinement is comparable to that which is achievable with the SiNCs/SiO 2 composite embedded in a slot of the ridge waveguide made of silicon [8] . Furthermore, the actual cross section area of SiNCs/SiO 2 nanowire may be even smaller than that of the slot waveguide (at the expense of higher n 1 and smaller ). This opens up wide opportunities for using pure SiNCs/SiO 2 waveguides in the nanoscale, integrated photonic devices.
Since the dependence of the quantities R m , n eff;m , and A eff;m on the operating wavelength is known, it is easy to suggest the empirical formulas that would incorporate their dependency on the effective refractive index of the SiNCs/SiO 2 composite [22] . Such formulas for the optimal nanowire radius and optimal effective mode index are obtained by fitting the curves in Fig. 2(b) , which gives 
The empirical formula for the minimum EMA
is obtained in a similar fashion. As can be seen from Fig. 2 , (13)- (15) provide good approximations to the corresponding exact quantities calculated numerically, within the practical range of 1:45 G n 1 G 2:4 [3] , [23] .
As a concluding remark we wish to stress that even though the derived equations are applicable only to cylindrical nanowires, the EMA of the lowest-order guided mode in SiNCs/SiO 2 nanowires with other types of cross sections may also be reduced to a few m 2 through the optimization of the nanowire's dimensions. Unfortunately, the optimization procedure is to be performed numerically, even in the simplest case of a ridge waveguide with a rectangular cross section.
Conclusion
We have developed a semianalytical method for maximization of optical intensity inside cylindrical nanowires made of silica and doped with highly nonlinear SiNCs. This method is based on the system of two transcendental equations, whose solution gives the optimal nanowire radius and the corresponding effective mode index. The two equations are the dispersion relation and the extremum condition for the EMA. We applied the developed method to the nanowires with different volume fraction of SiNCs, in order to demonstrate that they may provide tight mode confinement comparable with the one achievable using high-index semiconductor or metallic claddings. For example, one may reach an EMA of less than 0.2 m 2 at 750-nm wavelength for silica nanowires with more than a 50% content of SiNCs. Based on the numerical results obtained with our method, we came up with the empirical formulas for the minimum EMA, optimal nanowire radius, and optimal effective mode index. These formulas enable the rapid optimization of cylindrical nanowire parameters required for the miniaturization of the photonics circuitry.
